2.4 Continuity

Prior to studying calculus, we have considered a function to be continuous if its graph can be
drawn on paper without having to "pick up” the writing utensil. Although this definition will continue
to be largely effective, we can make the definition of continuity more precise using limits.

Continuity at a Point
If a function is defined in an open interval containing the number c, except possibly at c itself,
there are three primary ways in which the function may fail to be continuous at c.

rm_ (z — 2)° if x<3
J=05(x —5)%+4 if 3<a<T
f(-’ﬂ):<8 xr—3 of T<ax<9 ¢
' 3 if =09
:_ —|xe =10 +7 of x>9

Definition of Continuity at a Point
A function f is said to be continuous at c if the following conditions are satisfied:
1. f(c) is defined.
2. imf(x) exists.
3. limf(x) = f(c)
A function is said to be continuous on an open interval (a,b) if it is continuous at
every point in that interval. A function that is continuous on (-, ) is said to be
everywhere continuous.



X+4)(x-3)

Example 1 Determine whether or not the function f(x) = is continuous at x = 3

(x-3)
and if not why not.
xX+4)x-3) .
- . ——=— if x+3
Example 2 Determine whether or not the function h(x) = (x-3)
5 if x=3

is continuous at x = 3 and if not why not.

Example 3 Define a function h which agrees with the function g (above) at every point except
X = 3 s0 that it will be continuous at x = 3.

CEDE=3) it xe3
h(x) = (x=3) or simply h(x) =
if x=3

The functions f and g in Example 1 and 2 above are said to have removable discontinuities
at x = 3 because I)!rgf(x) and IXing(x) exist. The discontinuities can be "removed" simply

by defining or redefining the functions at the single domain value x = 3 to equal the value
of the limit.

One-Sided Limits and Continuity on a Closed Interval

Let f be a function defined in an interval extending to the right of c.
)I(ir(pf(x) = L is the limit of f(x) as x approaches c from the right.

This one-sided limit L exists if for each ¢ > 0 there exists § > 0 such that
whenever c -6 < x < cthen [f(x) — L|< e.

Let f be a function defined in an interval extending to the left of c.
!(chrjf(x) = L is the limit of f(x) as x approaches c from the left.

This one-sided limit L exists if for each ¢ > 0 there exists § > 0 such that
whenever ¢ < X < ¢+ ¢ then [f(x) — L|< e.



x+1 if x>2
x—1 if x<2

a. )I(irzr]f(x) = b. )I(irzqf(x) = c.IXier(x) =
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THE RELATIONSHIP BETWEEN ONE-SIDED AND TWO-SIDED LIMITS.

The two-sided limit of a function f exists at a point a if and only if the one-sided limits
exist at that point and have the same value; that is,

limf(x) = L if and only if )I(qu f(x) = L and )I(Lgl f(x) = L.

Example 5 Find the limit of each function as x approaches 1 from the right and
as x approaches 1 from the left.

i 1 X if x<1 X if x<1

X if x<

a.f(x)={ " ifx>lb.g(x)= 2 if x=1 c.h(x)= 3 if x=1
—X+4 if x>1 —X+4 if x>1

y 37 y 37 y 3
21 \ 21 \ 2
11 17 1
— | — | —_— ;
5 -4 -3 -2 - 7170 1 2 3 '4\5 5 -4 -3 -2 - 7170 1 2 3 "\5 5 -4 -3 -2 - g 0 1 2 3 'A\S
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1 if 1
X+ L hxs . Find limf(x), limf(x), and limf(x).
X-1 -1t X1

Example 5 Let f(x) = _
—x+3 if x>1

x2-1 if x<0O

Example 6 Let f(x) = x—2 if 0<x< 4 . Find each limit.
JX if x>4
a. limf(x) = d. limf(x) =
X0~ X4~
b. limf(x) = e. limf(x) =
c. limf(x) = f. limf(x) =

Example 7 )I(irsn,/Q—xz =

Definition of Continuity on a Closed Interval

A function f is said to be continuous on the closed interval [a,b]
if it is continuous on the open interval (a,b) and
)I(igqf(x) =f(a) and )I(irbnf(x) = f(b).

If limits are satisfied we say f is continuous from the right at a and
continuous from the left at b.



Example 8 Discuss the continuity of f(x) = /9 —x?.

5 if x=-2
Example 9 Discuss the continuity of the function f(x) = x+1 if -2<x<3.
4 if x=3

Properties of Continuity

THEOREM

If the functions f and g are continuous at x = c, then
(a) bf is continuous at c for any real number b.

(b) f+gandf-gare continuous at c.

(c) fgis continuous at c.

(d) é is continuous at c if g(c) # 0 and has a discontinuity at c if g(c) = 0.

The following types of functions are continuous at every point in their domains.
Polynomial functions.

Rational functions.

Radical functions.

Trigonometric functions.

Exponential and logarithmic functions.

Example 10 Indicate the intervals where each function is continuous.
Indicate whether any specific discontinuities are removable discontinuities,
jump discontinuities, or vertical asymptotes.

a. f(x) = X3 b. gix) = XEtx=12 ¢. hex) = Y100
' x—17 9 X2 — X — 20 ' 3-Jx+1



Example 11 Find an equation relating a and b so that the following function
will be continuous at x = 1.

x2+5ax if x<1
f(x) = .
ax+b if x>1

THEOREM. Let lim stand for one of the limits lim, lim, lim, lim, or lim.
X=>C" xoct X=C X—=400 X—>—00

If img(x) = L and the function f is continuous at L, then limf(g(x)) = f(L).
That is, limf(g(x)) = f(limg(x)).

THEOREM.

(a) If the function g is continuous at ¢, and the function f is continuous at g(c), then the composition
fo gis continuous at c.

(b) If the function g is continuous everywhere and the function f is continuous everywhere, then the
composition f o g is continuous everywhere.

Example 12 Discuss the continuity of each function.

a. f(x) =sn(2x-3) b. h(x) = |cosx|

THEOREM Intermediate Value Theorem

If f is continuous on the closed interval [a,b] and k is any number between f(a) and f(b), then there
is at least one number cin [a,b] such that f(c) = k.

Example 13 What does the IVT tell you about zeros of f(x) = x® — 6x? + 3x + 16 when applied
to each of the following intervals?

a. [2,3] b. [4,5] c. [3,4] d. [2,5]



