4.6 A Summary of Curve Sketching

Example 1 Lets(t) = t® — 5t2 — 8t + 40.

(@) Find the zeros of s(t).

(b) Sketch a sign graph for s(t).

(c) Find s'(t) and find all first-order critical numbers.

(d) Sketch a signgraphfors'(t). Indicate the intervals where s(t) is increasing and where
itis decreasing. Use the first derivative test to identify the location of any relative extrema.

(e) Find s"(t) and find all second-order critical numbers. Indicate the intervals where s(t) is concave up
and where it is concave down. Find any inflection points of the graph of s(t).



Rectilinear motion is the motion of a particle which is allowed

to move in either direction along a coordinate line. The coordinate of the particle at time t
will be denoted be s(t). The function s(t )is called the position function of the particle.
When we graph s(t )along the vertical axis and t along the horizontal axis, we will call this the
position versus time curve.

Example 1 Consider the following position versus time graph of a particle moving. Discuss
the motion of the particle during the indicated time interval.

Mr. Math will now attempt to draw a position versus time curve and then

use it to discuss the motion of the particle. Please be patient. He will break the domain of
the position function into several subintervals and in each one indicate whether the particle is
on the positive or negative side of the origin, whether the particle is headed in the positive or
negative direction, and whether the particle is speeding up or slowing down.

DEFINITION. Ifs(t) is the position function of a particle moving on a coordinate line,
then the instantaneous velocity of the particle attime t is defined by

V() = §'(t) = %

ifv(t) > 0thens(t) is increasing and the particle is moving in the positive direction.
ffv(t) < 0thens(t) is decreasing and the particle is moving in the negative direction.

If we are interested in how fast a particle is moving without regard to the direction of the motion,
we a concerned with its speed rather than its velocity. The speed of a particle is defined to be
the absolute value of its velocity.
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DEFINITION. If s(t) is the position function of a particle moving on a coordinate line,
then the instantaneous acceleration of the particle at time t is defined by

a -v - or aw -5 - 37225

Interpreting the Sign of Acceleration

There are four significant cases to consider.

(1) v(t) > 0and a(t) > 0. If the velocity of a particle is positive and increasing, then its
absolute value |v(t)| is increasing, so the particle is speeding up.

(2) v(t) > 0and a(t) < 0. Ifthe velocity of a particle is positive but decreasing, then its
absolute value |v(t)| is decreasing, so the particle is slowing down.

(3) v(t) < 0and a(t) > 0. Ifthe velocity of a particle is negative but increasing, thenits
absolute value |v(t)| is decreasing, so the particle is slowing down.

(4) v(t) < 0and a(t) < 0. Ifthe velocity of a particle is negative and decreasing, then its
absolute value |v(t)| is increasing, so the particle is speeding up.

Interpreting the Sign of Acceleration. A particle in rectilinear motion is speeding up
when its velocity and acceleration have the same sign and slowing down when they have
opposite signs.

Analyzing the Position Versus Time Curve

Based on the signs of the position versus time function, and the signs of its first and second
derivatives, we will classify the activity of the particle as being either on the positive or negative
side of the origin, moving in the positive direction or the negative direction, and speeding up or
slowing down.

Speeding up or Slowing down
Signofa(t) | Are the signs of v(t) and a(t)
the same or are they different?
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Example 2 Suppose that the position function of a particle moving on a coordinate line is
given by s(t) = t3 — 11t2 + 24t + 28. Analyze the motion of the particle fort > 0.

The location, direction, or acceleration of the particle can change at a zero of s(t), v(t), or a(t).
So the intervals to be considered are those formed by zeros of these three functions.

s(t) = t3 — 11t? + 24t + 28
s(t) = (t-7)(t? -4t - 4)

The zeros of s(t) are 2 + 2./2 ~ 4. 8,

7, and 2 — 2/2. Here, we will exclude

v(t) = 3t? - 22t +24
v(t) = Bt-4)(t-6)

The positive zeros

2 — 2./2 from consideration because

itis less than 0.

ofv(t)aret =

4
3

andt = 6.
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-60~

a(t) = 6t-22
The only zero of a(t)

ist = %and itis

positive.

If we list all nonnegative zeros of s(t), v(t), and a(t) in increasing order, they give us the intervals
of the number line that we need to consider.
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