2.5 Infinite Limits

Definition of Infinite Limits
Let f(x )be defined for all x in some open interval containing ¢, except that f
R8ed not be defined at c. We will write limf(x) = o if given any positive number M,

there exists a number ¢ > 0 such that f(x) > M if 0 < [x—c| < 6.

Similarly, we will write )I(iggf(x) = —0

if given any negative number N, there exists a number § > 0 such that
f(x) < Nif0 < x—c| <é.

We can define lim f(x) = oo, lim f(x) = oo, lim f(x) = —0, and lim f(x) = —o
x—c*t X—C x—c*t X-C

by making appropriate modifications to the inequality 0 < [x —¢| < &.
Example 1 Find each limit.

a M 5=3 b. I =3 ¢ Mx=3 40 (x—3)?

Example 2 Find each limit.

a. lim—2X=2_ b. lim—2X=2 _ c. lim—2X=2__
x>3 X2 —Bx + 4 x>1 X2 —B5X + 4 x>4 X2 —B5X + 4



Vertical Asymptotes
Letf and g be continuous on an open interval containing c. Iff(c) = 0, g(c) = 0,
and there exists an open interval containing ¢ such that g(x) = 0 for allx # c inthe
interval, then the graph of the function given by

f(x)
h(x) = )
has a vertical asymptote atx = c.

Example 3 Find all vertical asymptotes of each function.

a. f(x) = X=3 b. a(x) = X>=6x* —x+30
) x2-9 90) X2 +6x+8

Properties of Infinite Limits
Letcand L be real numbers and let f and g be functions such that
liggf(x) = oo and )I(iggg(x) = L.

1. )I(im[f(x) +g(X)] =
2. ligcl[f(x)g(x)] =ooifL > 0 and )I(igc][f(x)g(x)] =—wifL < 0.

. 9(x) _

Example 4 Find each limit.

a. lim xsecx b. lim xsecx c. lim(sinx + cscx)
x>ZL~ x->Z* x->0*

2



Our textbook does not place much emphasis on using the M - 6 definition to show
that a particular limit is o or —co, S0 neither will I. If this sort of thing excites you,
the following example may interest you. On the other hand, if its effect on you is
similar to that of drinking Ipecac syrup, you might want to look the other way.

Example 5 Prove that im—2L1 — — 40

x>4 (X — 4)?
Let M > 0 be an arbitrary positive number. We must first find a positive number 6

(basically, this is an algebraic expression with M in it) such that ﬁ > M
X —

whenever 0 < |[x — 4| < 6. Then we must show through a sequence of logical
statements that the expression for ¢ actually satisfies this property.

Step 1 Find an expression for §.

Let’s begin with the inequality ( 14)2 > M and see if we can express |x — 4| in
X

terms of M.

Taking the reciprocal of both sides, we obtain (x — 4)? < ﬁ
Since both sides of the inequality are positive, and the square root function is
an increasing function, taking square roots of both sides preserves the direction

of the inequality.
Since [(x — 4)2 = |x — 4|, we now have [x — 4| < |-+ .

M
So, itlooks like ﬁ is a good candidate for our 6.
Step 2 Showthato = ﬁ actually works.
Let M > 0 be an arbitrary positive number. Leté = ﬁ and suppose 0 < |x — 4| < 0.
By taking reciprocals, the inequality 0 < |x — 4| < § gives us the equivalent inequality
0< % < |xE4|’ SO |xE4| > % Consequently, x _14|2 > 5%

1 __1 1 __ 1
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hen 1

x—4)2  x—42 (/1)2 m
M

This shows that ( 14) >~ > Mwhenever 0 < [x — 4| < 6 and proves that
X —

lim—2L
x~4 (x —4)2



