
4.4 Concavity and the Second Derivative Test

Concavity

DEFINITION. If f is differentiable on an open interval I, then f is said to be concave up on I

if f  is increasing on I, and f is said to be concave down on I if f  is decreasing on I.

A determination of whether f  is increasing or decreasing can be made by analyzing the sign of f .

THEOREM. Let f be twice differentiable on an open interval I.

(a) If f x  0 on I, then f is concave up on I.

(b) If f x  0 on I, then f is concave down on I.

Example 1 Find open intervals on which the following functions are concave up and open intervals

on which they are concave down.

(a) fx  2x  5 (b) fx  3x 2  6x  2



(c) fx  2x 3  9x 2  60x  5
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Inflection Points

DEFINITION. If f is continuous on an open interval containing the point x 0 , and if f changes

the direction of its concavity at that point, then we say that f has an inflection point at x 0 and we

call the point x 0 , fx 0 on the graph of f an inflection point of f.

Example 2 Find the inflection points of fx  x 4  4x 3  48x 2  14x  6.
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Example 3 Find the inflection points of fx  x 3  19
x  3

 x 2  3x  9  8
x  3

-100

-80

-60

-40

-20

0

20

40

60

80

100

y

-10 -8 -6 -4 -2 2 4 6 8 10x

f x  2x 3  9x 2  19

x  32
 2x  3  8

x  32

f x 
2x 3  9x 2  27x  19

x  33


2x  1x 2  8x  19

x  33
 2  16

x  33

Example 4 Find the inflection points of each of the following functions.

a. fx  xex b. fx  cosx
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THEOREM (Second Derivative Test). Suppose that f is twice differentiable at the point x 0 .

(a) If f x 0  0 and f x 0  0 then f has a relative minimum at x 0 .

(b) If f x 0  0 and f x 0  0 then f has a relative maximum at x 0 .

(c) If f x 0  0 and f x 0  0 then the test inconclusive; that is, f may have a

relative maximum, a relative minimum, or neither at x 0 .

Example 5 Use the second derivative test to analyze the critical points of fx  3x 4  28x 3  90x 2  108x.
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Example 6 Suppose that the number of individuals on a secluded college campus who have been

infected by a flu virus is modeled by the function yt  800

1  799e0.85t
where yt is the number of

infected students at time t (in days, starting with t  0). On what day is the virus spreading the most

rapidly.
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461820799e1. 7t  e0. 85t 
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